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A Different Solution of Pell's  Equation
PART I

In order to show the natural integer A, which is not a perfect square, a formula has been found that gives the integer solution of the equation   (1) in the past centuries. The first solution is given as Lagrange, and in the following years Dirrchlet is given as an independent solution. After these first solutions found, a different method was developed related to the equation   (1) below.
Although there is no solution when A is a perfect square, an interesting order and solutions are found when a table of A is made for the lower and upper values of the perfect square.

Table 1.
	 n
	A
	x
	y
	n
	A
	x
	y
	n
	A
	x
	y

	
	3
	7
	4
	
	35
	71
	12
	
	99
	199
	20

	2
	4
	-
	-
	6
	36
	-
	-
	10
	100
	-
	-

	
	5
	9
	4
	
	37
	73
	12
	
	101
	201
	20

	
	8
	17
	6
	
	48
	97
	14
	
	120
	241
	22

	3
	9
	-
	-
	7
	49
	-
	-
	11
	121
	-
	-

	
	10
	19
	6
	
	50
	99
	14
	
	122
	243
	22

	
	15
	31
	8
	   
	63
	127
	16
	
	143
	287
	24

	4
	16
	-
	-
	8
	64
	-
	-
	12
	144
	-
	-

	
	17
	33
	8
	
	65
	129
	16
	
	145
	289
	24

	
	24
	49
	10
	
	80
	161
	18
	
	168
	337
	26

	5
	25
	-
	-
	9
	81
	-
	-
	13
	169
	-
	-

	
	26
	51
	10
	
	82
	163
	18
	
	170
	339
	26


                                                   
Looking at the table, there is no solution for A=, but there are easy solutions for A-1 and A+1. When  +1 , x= 2A-1, x= 2+1 and y= 2n.
Substituting these solutions in the general equation (1):
 
(- ( +1) . =1      ;    
1=1 provides the equation.



(A-1) EQUATIONS:                                              
Table 2.
	     A
	      
	      
	
	     
	       

	3
	2
	1
	63
	8
	1

	8
	3
	1
	80
	9
	1

	15
	4
	1
	99
	10
	1

	24
	5
	1
	120
	11
	1

	35
	6
	1
	143
	12
	1

	48
	7
	1
	168
	13
	1


When this table is examined, the first solutions are , ; between  A , A =1 has a correlation.
these values are the exact solution: ,  (1) 
When this table is examined, the first solutions are ,  and between them and A.
There is a relation =1
That is,  is the obvious solution of the equation of  values (1).
=                       ( - A.1 =1
1=1
Since we accept ,  as the first solutions, if a new table is created by considering the next solutions , values:
Table 3.
	         A
	        
	        
	       
	        

	3
	2
	1
	7
	4

	8
	3
	1
	17
	6

	15
	4
	1
	31
	8

	24
	5
	1
	49
	10

	35
	6
	1
	71
	12

	48
	7
	1
	97
	14

	63
	8
	1
	127
	16

	82
	9
	1
	163
	18

	99
	10
	1
	199
	20

	         A
	
	       
	
	          

	120
	11
	1
	241
	22

	143
	12
	1
	287
	24

	168
	13
	1
	337
	26


Paying attention to  and  in this table, ; It is twice  . Since =1, we can show it as follows.
=        (2)
 is proportional to twice the square of ). If 1 is subtracted from this result,  is found exactly.

   (3)
 ve ;             (1)           If placed in the equation:
 
() - A (  = 1 
- 


When a table of this equation is prepared, let's check whether it can give all the roots. Let's add different numbers in addition to the numbers in Table 3.
You can review Table 4 on the next page.















               





                                               
Table 4.
	A
	
	 
	
	
	
	   
	
	

	3
	2
	1
	7
	4
	26
	15
	97
	56

	7
	8
	3
	127
	48
	2024
	765
	32257
	12192

	20
	9
	2
	161
	36
	2889
	646
	51841
	11592

	48
	97
	14
	18817
	2716
	3650401
	526890
	708158977
	102213944

	60
	31
	4
	1921
	248
	119071
	15 372
	7380481
	952816

	77
	351
	40
	246401
	28080
	172973151
	19712120
	121426905601
	13837880160

	92
	1151
	120
	2649601
	276240
	6099380351
	635904360
	14040770918401
	1463851560480

	107
	962
	93
	1850887
	178932
	3561105626
	344265
	68515653
	662369527142

	122
	243
	22
	118097
	10692
	57394899
	5196290
	27893802817
	2525386248

	145
	289
	24
	167041
	13872
	96549409
	8017992
	55805391361
	46343855004

	156
	2
	25
	7
	100
	26
	375
	97
	1400


When Table 4 is examined, formulas (4) and (5) give all roots , and,. But the same formula gives wrong values for , roots. In the analysis for , values:
 = 2 -       (6)            ;              = 2-         (7)
Formulas have been obtained. If the proof is examined:                                        
= 2- 1         (4)               ;             = 2               (5)       
 = 2    (6)              ;            = 2 -          (7)

       ;                            ;          

 
-  = 1 
4 - 4

4(- A+  = 0            

= (5)    = 2- 1         (4)
1 -  + 2 +  = 0
1 - 2 + 1 + 2 = 0
2 - 2  + 2 = 0 
      is found.
The formulas found are written below:

  = 2                                                   
 = 2 -                                                 
 = 2                                                    
 = 2 -                                                  
  = 2                                                   
 = 2 -                                                  
 = 2                                                    
 = 2 -                                                  
 = 2                                                    
 = 2 -                                                 

If n = 0, 1, 2, 3 …∞,
Two formulas are used for each n. There are two consecutive roots for the x and y values.

   =                    (7)
   =    -             (9)
                      (8)
     (10)
In this way, a different method has been developed for an infinite number of roots of the equation.







PART II:
     (1) The relationship of the equation with the y divisors:
  Example: x = 649 y = 180 A= 13 values will be taken and will be examined below.
In general mathematical literature, the sum of the divisors is denoted by σ. In the solution to be examined below, the number of divisors will be denoted by .
When the number x = 649 is taken as constant, y and A will have to change and it will have to be as much as the number of divisors, so = 18 times will find a solution.
.
	x = 649
	y = 180
	A= 13
	σ = 546
	  = 18



Table 5
	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	


The new y values found are the divisors of y = 180. As a result, it is possible to reach other solutions as much as the number of divisors from the equation      
Example 3:
 A=3  ;       x= 26    ;     y = 15       
y = 3.5       = 3                                                                                
676 = 9 +1 = 25+1
= 75      ;   =   27
Solutions:
A = 3         x = 26       y = 15   
A = 27       x = 26       y = 5   
A = 75       x = 26       y = 3   

Sum of divisors:
A = 13         x = 649     y = 180     σ(180) = 546      = 18
σ (9) = 13                  σ (20) = 42              540 = 13.42
180 = 9.20                  σ (180) = σ (9) . σ (20)
They are known solutions in the sum of the divisors.
 (1) It is certain that A cannot be a perfect square in his equation. But A =  by accepting it, new solutions  , …  ve , ,…  an can easily be obtained from this. If the subject is explained with an exampleA =  = 144       
  =  y = 12       σ (2y) = σ (24) = 60 ;        = 8
 = 120          = 11       = 1   
 = 132          = 23       = 2
 = 136          = 35       = 3
 = 138          = 47       = 4
 = 140          = 71       = 6
 = 141          = 95       = 8
 = 142          = 143     = 12
 = 143          = 287     = 24
In this list, x increases proportionally to y. The proportionality coefficient is also A.
   - 1 =   -1   (11)
 values are the divisors of (2y).   y = ’dır.
If we place the divisors of (2y) in order instead of xn values; and then     (1) The A values are found from the equation.
Örnek 1:
(11)from the formula        = 6
 = 12.6-1 = 71
 =  = 140
    - 1 
   - 1 
   - 1 
………….
   - 1 
∑    σ( - 
∑  y σ( -           (12)
Example 2:
A =  = 324          =  y = 18       σ (2.18) = 91          = 9
Using the formula (11) and the general equation (1), the rankings in the following list are found:
 = 288          = 17         = 1   
 = 306          = 35         = 2
 = 312          = 53         = 3
 = 315          = 71         = 4
 = 318          = 107       = 6
 = 320          = 161       = 9
 = 321          = 215       = 12
 = 322          = 323       = 18
 = 322          = 323       = 36
Ex.1 :  = 120 ve 
Ex.2 :  = 288 ve 
+1 =121     ve       + 1 = 144
+1 =289     ve       + 1 = 324
It is seen that the divisors of (2y) are placed between two squares.
   - 1 ;    2A - 1 appears to be.



 Ease of Numerical Solution in Equation (1):
giving y full value x= Finding the integer x in the equation is a long way off. For this, it is necessary to try all integers up to the value of y 1,2,3,...y. It will be seen below that the solution is reached with much smaller numbers.
Given as a prime or composite number with two factors, such as y= C.D, one of the factors is 1 in the case of a prime number. If C>D is accepted, D=1
C=2                  (11)              veya               C=2                  (12)
x=2-1                          (13)                                     x= 1                         (14)
formulas can be written.
In the  equation, it is easier to find C by assigning a value to D instead of giving a value up to y (1,2,3,....y). Because D<<y (Especially for large numbers.)
Example 1:
A = 139                                    x= 77 563 250                            y=6 578829
D=1,2,3,...747                        D= 747 için                                   C= 8807 
y = C.D = 8807 . 747 = 6578829
From equation (1), x=77 563 250.
As seen above, instead of trying until y=6 578829, it is sufficient to try up to D=747.

Example 2:
A= 51                
If only D=1 is written using (11) or (12), then C=7 then y=7 x=50.
To find C, formulas (11) or (12) are used.
In large numbers, 
-1   2 Since one formula does not give an integer when the inside of the root is very close to an integer, it can be obtained from the other formula. In this case, it is sufficient to deal with one of the three formulas.

Example 3:
A= 73 
C= 
D= 1,2,3,...125
D=125            C=2316
y= C.D = 267000        x= 2881249
In all the examinations made so far, it is seen that D is an odd number. In order to prove this assumption, it is easier to reach the solution with only odd numbers by skipping the even numbers for D, and there is a possibility to prove it.
D= 125   Until you try 125 times:
  63 times trying will suffice.

